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IlonsaATME BeKTOpa B IPOCTPAHCTBE

S

38 IlousiTe BexTOpa B

B KypcCe IIasMMEeTPHM Mbl IIO3HAKOMHJINUCH

C BEKTOpaMu Ha IIJIOCKOCTH M l[eﬁCTBPIﬂMH Hajx HHMHU.
OcHOBHBIE IOHATHA AJIsA BEKTOPOB B IIPOCTPAHCTBE BBOAAT- 1
A

Csl TaK JKe, KaK M AJs BEKTOPOB HA ILJIOCKOCTH. D/
OTpe3ok, AJsA KOTOPOrO YKAas3aHO, KAKOW H3 / /

€ro KOHIIOB CYUTAETCS HAYAJOM, & KAKOM — KOHIOM, Ha- oT C of

3pIBaeTcsaA BekTopoMm. Hampasiaenue BexTopa (0T Hauana

K KOHIY) Ha PHCYHKax oTMedaercs crpeikoi. Jlrobas Tod- a)

Ka IPOCTPAHCTBA TAK)Xe MOYKET pacCMaTpPHUBATHBCHA Kak
BeKTOp. Takoil BeKTOp HaspiBaeTcs HyJeBbIM. Hauaio
M KOHEI] HYJIEBOI'0O BEKTOpA COBIAJAIOT, U OH He HMeeT
KaKoro-iubo OIpe/eleHHOr0 HanpaBjeHus. Ha pHCYH-

ke 100, a u300paskeHBl HEHYJIEBBIE BEKTOPHI A_.é " 55 " Iy

HYJIEBOH BEKTOD ﬁ, a ua pucyake 100, 6 — HenyJeBbIe

BEKTOPHI d, bu ¢, umeronue obiee Hauano. HyneBoi Bek- [

TOp 0003HAYAETCA TAKIKEe CHUMBOJIOM 0. =
JdauHOM HEeHYJIeBOro BeKTOpa A_B> HA3bIBAETCHA 6)

= N

anusa orpeska AB. JlnuHa BexkTopa AB (BekTOpa a) 060-  Puc. 100
—

sHauaerca Tak: | AB| (|a|). Jnuna mynesoro BekTOpa Cum-

taerca paBHOU Hyumo: |0|=0.

JIBa HeEHyJEeBHIX BEKTOpPA HA3BIBAIOTCSA KOJ-
JHHEAPHBIMH, €CJIU OHM JIeXKaT Ha ONHOH NpAMON MJIH Ha

—

nmapajuleJbHBIX NPAMBIX. Eciu aBa HeHyJIeBHIX BeKTOpa AB
e

u CD xoanuHeapHsl u ecau npu arom ayuyum AB u CD co-

— —
HampaBJeHbI, TO BeKTOopsl AB m CD Ha3eBaHOTCA CO-
HANPABJEHHBIMH, a4 €CAM OJTH JyYd He HABIAITCA

—_— —_—
COHAIPaBJIEHHLIMU, TO BeKTOpPsl AB u CD Ha3wsIBalOTCA
IIPOTHBOIIOJOMKHO HanpaBjaeHHbIMU. HyleBoil BEeKTOp ycJio0-
BUMCS CYHMTATH COHAIIPDABJIEHHBLIM C JIIOOBIM BEKTODOM.

Bamucs a | 1b o6osnauaer, uTo BeKTOPHI @ M b COHAIPABJIEHEI,
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a samuch ¢ 1vd — uro BEKTOPBI ¢ ¥ d NPOTHUBOIOJOMKHO
HanpasieHsl. Ha pucynxe 101 mzobparken mapaJiesenu-

nen. Ha aTrom pucyske A—J—\ZTT D_Kt, A7)>TT LTI)(, A§Tl D_C>;

— —

BeKTOpPEl AD u AM He SABJIAIOTCA HU COHANPABJIEHHBIMH,
HU INPOTUBOIOJIOMHO HANPABJIEHHBIMU, TAK KaK OHU He
KOJIMHEeapHHI.

H3yuaa BEeKTOPBI Ha IJIOCKOCTH, MbI OTMeya-
JIM, 9YTO MHOrue (pU3U4YeCKUe BeJIUYMHBI, HAIIDUMep CHJja,
nepeMenieHue, CKOPOCTh, ABIAIOTCA BEKTOPHBIMU BEJIUUU-
Hamu. IIpu udydyeHuM 3JIEKTPUUECKHUX ¥ MATHUTHBIX SBJe-
HUN TOABIAIOTCA HOBBIE NPUMEDHl BEKTODHBIX BEJIUYUH.
OJIeKTPUYECKOe II0JIe, CO3/aBaeMoe B MPOCTPAHCTBE 3aps-
JlaMH, XapaKTepU3yeTcsa B KaKIOM TOUKe IIPOCTPAHCTBA
BEKTOPOM HAaNPAXKEHHOCTH dJIEKTpUUYecKoro moias. Ha pu-
cyake 102, a n300pakeHbl BEKTODbI HANPAMKEHHOCTH 3JIeK-
TPUYECKOI'0 IIOJIA MOJOMKUTEIHHOI0 TOYEUHOIO 3apsja.

ONEeKTPUYECKUM TOK, T. €. HAIIPABJEHHOE IBU-
JKeHue 3apa/oB, CO3[aeT B IPOCTPAHCTBE MATHUTHOE TI0JI€,
KOTOpOe XapaKTepu3yeTcd B KasKIOMW TOUKEe IPOCTPAHCTBA
BEKTOPOM MAarsMTHOM MHAYKuuK. Ha pucyrke 102, 6 u300-
pakeHbl BEKTOPLI MATHUTHOM MHAYKIIUM MATHUTHOrO HO-
Jd OPAMOro IIPOBOAHHKA C TOKOM.

39 PaBeHCTBO BEKTOPOB

BekTopel Ha3LIBAIOTCS PaBHBIMH, €CJIM OHU
COHamnpaBJieHbl ¥ UX MAJUHBI paBHbl. Ha pucymxke 101

—> — —_ — — —_— —_— —
AE = DK, tax xax AE 11 DK u |AE|=|DK|, a AB# DC,
— —
rak kak AB 1\ DC.
Eciu Touka A — Havano BekTopa d, TO I'OBO-

PAT, YTO BEKTOP d OTIOkeH oT Touku A. Herpyano poka-
3aTh, YTO OT JIIOOOH TOUKH MOKHO OTJIOKHTH BEKTOD, pas-
HbIH JaHHOMY, M IPHTOM TOJBKO OAMH. B camom jeie,

IyCTh & — JAAHHBLA BeKTOp, M — naumas Touka (puc. 103).
IIpoBeseM wyepes HAYANO M KOHEI, BEKTOpa @ W TOYKY M
D
IJIOCKOCTh M B 3TOM NJIOCKOCTH HOCTPOUM BekTop MN =a.
- -

OueBnznno, uTo BekTOp MN mckomerit. 3 mocrpoerus sc-

—>
HO Takxe, 470 M N — eQMHCTBEHHEIN BeKTOp ¢ Hauaaom M,

paBHEBIH# BEKTOPY Q.
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CioxeHne W BBIYUTAHHE BEKTOPOB.
YMHOKeHNe BeKTopa Ha YHCJIO

40 Crnoxenne ¥ BBIYMTAHME BEKTOPOB
BBesieM npaBMIIO CIOKEHUS ABYX IIPOMU3BOJIb-
HBIX BEKTOPOB d U b. OTI0KHM OT KaKo#i-HUOYAb TOYKHU A
BEKTOD A_B: paBHblit d (puc. 106). Batem or Touku B orio-
JKUM BEKTOD B_>C, PaBHBIN b. BexTop ﬁ Ha3bIBAETCSA CyM-

- T - =
MOi1 BeKTOpoB a u b: AC=a +b.
9TO MPaBUJIO CJIOKEHUA BEKTOPDOB HA3BIBAETCH
npaBuJioM TpeyroabHHka. Pucynox 106, ¢ moscHsaer aTo
HaszBaHue. OTMETHM, YTO II0 3TOMY JKe IMPaBUIY CKJIaAbIBA-
I0TCA ¥ KOJIIMHEeapHble BEKTOPBI, XOTS IIPH UX CJIOMKEHHUH
¥ He nmoJjiy4yaercs TpeyroasHuka. Pucyuxku 106, 6, 8 uino-
CTPUPYIOT CJOKEHHe KOJJIMHEaPHBIX BEKTOPOB.
TouyHO Tak e, KaK B IUIAHUMETPUH, JOKA3bIBa-

ercs, YTO cymma @ + b He 3aBHCHT OT BBIOOpa ToukH A, oT
KOTOPOH IIPH CJIOKEHHH OTKJAJBIBAETCH BEKTOP a. VIHbIMU

CJIOBAMM, €CJIM IPH CJIOKEHUM BEKTOPOB d ¥ b 1O IpaBUIy

TPEYTOJIbHUKA TOYKY A 3aMEeHUTh APYTON TOYKOM A;, TO BEK-
o —

T0p AC 3amMeHUTCA paBHBIM emy BekTopoM A, C, (puc. 107).

Hoxa)kure 3T0 YyTBEPKACHUE CAMOCTOSTEIHLHO.

IIpaBuyIO TPEyronbHMKA MOMKHO CHOPMYJIUDO-
BaTh B Takoil Gopme: ansa Mobbix Tpex Touexk A, B u C
HMeeT MeCTO PaBeHCTBO

A—E+B—5=A—C>.

J1sl cIoXKeHUsA NBYX HEKOJJIMHEAPHBIX BEKTO-
POB MOXKHO IIOJb30BATHCA TAKIKe IPABUJIOM Iapasiesio-
rpaMmma, U3BeCTHBIM M3 Kypca IJIAHUMEeTPUH. DTO MPaBUJIO
NosACHEeHO Ha pucyHke 108.

CpoiicTBa CJIOXKEHUA BEKTODPOB, H3y4YEHHBIE
B ILIaHMMETPHHU, HUMEIOT MeCTO M AJs BEKTOPOB B IIPO-
cTpaHcTBe. HanmoMHUM HX.

s mo6bIX BEeKTOPOB @, b M € cipaBe MBI PABEHCTBA:
d +b=>b+ a (nepemMecTHTENBHBIN 3aKOH);
(@ +b)+c=a+(b+ ) (coueTaTensHBIH 3aKOH).

JIBa  HEHYJEBHIX BEKTOPA HA3LIBAIOTCHA
NPOTHBONOJIOMKHBIMH, €CAM HX AJUHBI PABHBI U OHU
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IIPOTHBOIIOJOMXKHO HAalpaBJeHbl. BeKTOPOM, IPOTUBOIO-
JIOXKHBIM HYJIEBOMY BEKTODY, CUMTAETCH HYJIEBOH BEK-

Top. OueBHAHO, BEKTOD BA sasnsercs IPOTHBOIOJIOMK -
HBIM BEKTODPY ATB’(pnc. 109).

Pa3HOCTBIO BEKTOPOB a M b HasbIBaeTCH TAKOI
BEKTOP, CyMMa KOTOPOro ¢ BEKTOPOM b paBHA BeKTODY d.
PasHoctb d — b BEKTODOB a U b MOKHO HANTH 10 ¢dopmye

d-b=da+(-b), (1)

rue (—5’) — BEKTOpP, MPOTUBOIOJIOMKHBIH BEKTOPY b.
Ha pucyskax 110, a, 6 npeacraBjieHsl IBa CIO-

coba IMOCTPOEHMA DPA3HOCTH ABYX JaHHBIX BEKTODOB @ U b.
JloxkasaTessCTBa 3aKOHOB CJIOMKEHUS U DPaBeH-

crBa (1) AnA BEeKTOPOB B IPOCTPAHCTBE HHUYEM He OTJIMYa-

IOTCHA OT AOKA3aTeNbCTB JJIS BEKTOPOB HA IJIOCKOCTH.

41 Cymma HeCKOJIBKMX BEKTOPOB

CrnojkeHNe HECKOJbKHX BEKTOPOB B IIPOCTPaH-
CTBe BBHIIOJIHAETCA TAK JKe, KaK ¥ Ha IJIOCKOCTH: IepPBBIX
BEKTOD CKJIAABIBAETCA CO BTOPBIM, 3aTeM HX CyMMa —
C TPETBUM BEKTOPOM M T. A. VI3 3aKOHOB CJIOKEHUHA BEKTO-
pPOB CJIeyeT, YTO CyMMa HECKOJbKHMX BEKTOPOB He 3aBH-
CHT OT TOr0, B KAKOM NOPSAKe OHW CKJIaJbIBAIOTCAH.

Ha _pucyHke 111 noxka3aHO NOCTPOEHUE CYMMBI
TPeX BEKTOPOB a, buc: or MIPOUBBONIBLHOM TouKH O OTIOsKEeH

BEKTOP OA @, 3aTeM OT TOYKH A OTJIOMKEH BEKTOP AB= b,

U, HAKOHEI[, OT TOYKHM B O0OTJI0KeH BEKTOp BC ¢. B pe-
— e

gyaerare nojydaercsa BekTop OC, paBHBIM a +b + C.

AHAJIOIMYHO MOYKHO IIOCTPOUTEL CYMMY JHO00T0
—

yucaa BekTopoB. Ha pucyske 112 mocrpoena cymma OE

HOATHA BEKTOPOB: @, b, ¢, d u ¢. DTO MPaBUJIO MOCTPOEHHUSA
CYMMBI HECKOJBKHMX BEKTODOB HA3bIBAE€TCA NPaBHJIOM
MHOIOYIOJbHHKA. 3aMeTHM, OJHAKO, YTO, B OTJHYHE OT
cliyuasi BEKTOPOB HA IJIOCKOCTH, «MHOTOYTOJbHHKY», KOTO-
pHIi TOJyYaeTcs IMPH TOCTPOEHHMM CYMMBI BEKTOPOB
B IPOCTPAHCTBE, MOYKET OKAas3aTbCA IIPOCTPAHCTBEHHBIM,
T. €. TAKUM, Y KOTOPOrO He BCE BEPLIMHEI JIeXKaT B OJHOM
mrockocTH. TaKOBBIM SBJIAETCS, HAPUMED, «UeThIPeXyroJib-
HuK» OABC na pucyske 111, ¢ moMOmBbI0 KOTOPOro IO-

crpoer BexTop OC.
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IIpaBUI0O MHOTOYTOJNBHUKA MOMKHO chHOpMyIu-
POBaTh TaKXe ciaeayromum obpasoMm: eciu A,, A,, ..., A, —
NPOMU3BOJILHBIE TOYKH, TO

— —_— —_— R

AA,+ AA+...+ A, (A =AA,.

9TO NPaBUJIO NPOMJIIIOCTPUPOBAHO HA PHCYH-
ke 113 pna n = 7. OrmMeTuM, 4TO ecjm TOUKM A, u 4, T. e.

Ha4aJIo epBOoro BEKTOpa U KOHeIl IIocJaeJHero, COBnajgamoT,
TO CyMMa BEKTOPOB DaBHa HYJE€BOMY BEKTODY.

42 YMHOKeHHWe BEeKTOpa Ha 4HCJIO0
IlponsBsenennemM HeHYIeBOro BeKTOpa @ Ha

YHCA0 k Ha3pIBaeTCHA TAKOM BeKTOp b, AJMHA KOTOPOTO
paena | k|-|a|, npuuem BexTOops! @ m b comampaBaeHs!

npu k>0 ¥ nNpoTHBONONOKHO Hanpasaensl npu k < 0.
IlpousBenenneM HyJIEBOTO BeKTOpa Ha J1060e YHCIO CUM-
TaeTcsi HyJeBOH BEKTOP.

IIpousBejeHye BeKTOpa G Ha YuCI0 k 0603HA-

yaeTca Tak: ka. VI3 ompeneneHus mMpousBeJeHUs BEKTOpa
H& YHUCJIO CcjJejyeT, 4TO AJA J00oro umciaa k u awo6oro

BeKTOpa 4 BEKTOPHI & M kd Koaaumeapusi. M3 sToro ompe-

JleJIeHUdA ClefAyeT TakiKe, YTO NPOM3BeJNeHHe JI000ro Bek-
TOpPa HA YHCJIO HYJb €CTh HYJEBOH BeKTOP.

HanomMHMM OCHOBHBIE CBOWCTBA YMHOMKEHUS
BEKTOpA Ha YHUCJIO, U3BECTHBIE HAM AJIS BEKTOPOB HA IJIOC-
kocTy. OHM UMEIOT MeCTO H AJIs BEKTOPOB B IIPOCTPAHCTBE.

Jlna m06bIX BeKTOPOB @, b u mobsix uncen k, | cnipaBen-
JIMBBI PaBEHCTBA:

(kl) @ = k (la) (coueTaTenbHbIil 3aKOH);

k(@ + b) = kd + kb (nepswrit pacnpeaeauTebHBIH 3aKO0H);

(k+1)d = ka + la (Bropoit pacnpeneuTeNbHBIH 3aKO0H).
Ormeru™m, uro (-1)d@ #ABiseTCA BEKTOPOM,

IPOTHBOMOJOXKHBIM BEKTOPY 4, T. e. (—1)d = —da. Jleiict-

BHTEJIbHO, JJIMHBI BeKTOpOB (-1)a@ u @ pasus: |(-1)a|=

=}

+| d|=| a|. Kpome Toro, ecim BeKTOp d HEHYJIEBOIi,

TO BeKTOpPHl (—1) @ ¥ @ MPOTHBONOIOKHO HAIPABIECHEL.
TouHO Tak e, KaK B IJIAHUMETPHH, MOMKHO

NOKAa3aTh, YTO €CJM BEKTOPHI @ M b KojumuHeapHs: u a # 0,
TO CyIIeCcTByeT 4ucio k Takoe, uto b= ka.
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